1 Digital Systems small exercise 1

Submission date: 16/3/2006.

All questions have an equal weight.

1.1 Question 1

Convert
1. (1729)10 — ()s
2. (8EA2)16 — ()10
3. (12.31)19 — ()2

4. (B.AB)13 — ()10

1.2 Question 2

Calculate the 2 complements of:
1. (284)16

2. (82)g

1.3 Question 3

For binary numbers with 4 bits. Determine when there is an overflow and when the calculation

can be carrying legally. Use the 2 complement. (The numbers are in base 10).
1. 3+7
2. 2-3
3. 4-7
4. -1-2

5. -5-7



1.4 Question 4

Calculate (use the 2 complement where necessary). Show the details of your calculation.
1. (B.AB)16 + (A.BF)16
2. (284)16 — (82)16

3. (28C.43)16 — (17.12)15

1.5 Question 5

The 9 complement is defined as follows:

Let x = z1x2...x), be a number in base 10. The 9 complement of the number is (9 —z1)(9 —
x2)...(9 — x,,). That is, the digit in the i-th place is obtained by replacing it with 9-digit. For
example the 9-complement of the number 23 is 76.

Set the codes for digits 0..9 with weights 3,3,2,1 and 4,4,3,-2 such that the 9 complement of
the digit will be obtained by switching all the 1 with 0 and all the 0 with 1.



DLOCS Ex1 -

I. Question 1

1.

1729/8 =216 mod 1
216/8 =27 mod 0
27/8 =3 mod 3
3/8=0mod 3

(1729),, = (3301),

8EA2 = (1000 1110 1010 0010), =
2B M 4210y 29 4 27 4 25 4+ 21 = 36514

(Converting to Binary base was not necessary, could've used powers of 16 instead)

(12.31),, =(12),,.31),,
Integer part first: (12),,=(1100),. And now to the fraction part:

We'll add fractions of the type 2™" as long as their sum does not exceed the required 0.31:

031=27+27 420427 +2%+270 427 427 P 424270,
The above is accurate up to about a millionth. Theoretically we could go on forever always improving the
accuracy (exponentially) up to any requested ¢ .

And thus the fraction part approaches: (.0100111101011100001) , .
Andso: (12.31),, = (1100.0100111101011100001),,

4. (B.AB),; = (11%13° +10*137" +11%¥137) , = (11+141) |
169

II. Question 2a hope I understood this question correctly)

1.

2-complement of (28A),, using 12-bits:

Conversion to binary using groups of 4-bits (each hex digit = 4 bits), we get: 0010 1000 1010.

In order to find the complement we invert the digits and add 1: 1101 0111 0101 + 1 =1101 0111 0110.
And so, the 2-complement representation of -28 A using 12-bits is 1101 0111 0110.

Of course this could be verified using normal addition and expecting a zero (last carry ignored).

2-complement of (82), using 8-bits:

Firstly we shall convert it to binary. To make things simple, I'll use the decimal base as an intermediate
mediator. (82), = (8*9' +2%9%) = =(74),,. Using the iterative algorithm as in 1.1 we get

(74),, = (01001010), . As above, we shall invert the digits and add 1 in order to find the representation of

(-82), using 2's complement and 8-bits: not(01001010), +1=(10110101), + (1), =(10110110) ,

III. Question 3

* Using 2's complement and 4-bits we may represent all integers between -8 and 7 (2”4 altogether).

1.

3+7 > 7 and thus overflow. Alternatively: 0011+0111 = 1010 which is negative.



2. 2-3 =-1 and is within the legal range. Alternatively: 0010+1101=1111 which is the correct representation of -1
(dec) using 2's complement.

3. 4-7 =-3 and is within the legal range: 0100+1101=1101 which represents -3 using 2's complement.
-1-2 = -3 and is within the legal range: 1111+1110=11101 (last carry ignored) = 1101 = -3 as above.

5. -5-7 < -8 and thus overflow: 1101+1001=10110 (last carry ignored) = 0110 = (6) ,, ?! Error...

IV. Question 4

1. (B.AB) + (A.BF) in hex. After conversion to binary we get:
1011.10101011 +
1010.10111111 =
10110.01101010
Back to hexadecimal we get: 16.6A

2. (28A)—(82) in hex. We'll convert to 12-bit binary and use 2's complement:
(28A) .= (001010001010),

(82),, = (000010000010),

(-82),, =(11101111110) ,
Binary addition of (28A) and (-82):
001010001010 +
111101111110 =
001000001000 (last carry ignored)
Back to hexadecimal we get: (208) ,,

3. (28C43),, - (17.12) 5. We'll use 20-bits to represent these numbers (12 for integer part, 8 for fraction part).

The hexadecimal number in binary is simply (using groups of 4-bits) 001010001100.01000011

The quindecimal number converted to decimal is: 1%15' +7%15° +1%157" +2%1572 = 4967 /225 ~ 23.075555.....,
Now converting the integer part to binary we get 10111, and converting the fraction part to binary (as in 1.3)
we get: .000100110101011110011... and overall: 000000010111.00010011 (up to 2”8 precision) when
represented in 20-bits. Using 2's complement we get: 111111101000.11101101.

Performing addition:

0010 1000 1100 . 0100 0011 + (28C.43) ¢
1111 1110 1000 . 1110 1101 = (we have a carry from the fraction part) - (17.12) |5
00100111 0110 . 0011 0000 = (276.30) ,, (last carry ignored)



V. Question 5

Digit Weight A (3,3,2,1) | Weight B (4,4,3,-2)
0 0000 0000
1 0001 0011
2 0010 1001
3 1000 0010
4 1001 1000
5 0110 0111
6 0111 1101
7 1101 0110
8 1110 1100
9 1111 1111

Explanation: Suppose you wish to find the 9-complement of 7 using Weight A and according to the guidelines.
Look at the table in the matching position; 1101 is the code. Its easy to see that according to the weights 1101 =7
(1*3 + 1*3 + 0*%2 + 1*1). Now, perform NOT on all digits and you get: 0010, which according to weight A is 2
(0*3 + 0*3 + 1*2 + 0*1) and indeed (9-7) = 2 as the 9-complement suggests.

One interesting thing to notice is that in fact the upper part of the table is a mirror image of its lower part with all digits
reversed (with respect to the matching weight). This does not have to be so, however, since some digits could have
more than a single representation using these weights (since 4 bits would allow up to 16 unique codes, but in this
example only 10 are being used and there are also weight similarities between the bits in both cases).



1 Digital Systems small exercise 2

Submission date: 26/3/2006.

1.1 Question 1 (10%)
Which of the following 6 basic rules
1. Existance of identity (neutral element).
2. Associative
3. Commutative
4. Closure
5. Distributive

6. Existance of a complement that is, if I is the identity of operator *, the if X*Y =1 then

Y is X complement.

does not apply for the operands:
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1.2 Question 2 (20%)
Prove the following equalities using the boolean axioms only:
lL.z-(z4+y) ==z

2. x4+ (@y)=z+y



3. X' +Y' =XpY+ XY

Where @ is the xor operator:

A B|&
0 0o
0 1|1
1 01
1 110

4. Find a similar expression for X’ + Y’ + Z’

1.3 Question 3 (20%)

Let I3
x y z|Fp
0 0 0|0
0 0 1|1
0 1 01
0 1 1,0
1 0 0] 1
1 0 1] 0
1 1 0] 0
1 1 1] 1

1. Express F} as a canonical products and canonical sums.
2. Express the function as a sum of products with the minimal number of terms possible.

3. Express the function as a products of sums with the minimal number of products possible.

1.4 Question 4 - (50%)

Implement the following funcions using NAND (and followed by not) alone. Assume that you
can use the literal, its complement (its negation), and the values 0,1. Nand(a,b,c) has the

following formula (a*b*c)’.



1. BD + BCD + AB’C’D’ + A’B’CD’ Use up to 6 gates with 3 entries each

2. (AB + A’'B’)(CD’ + C’'D) Use gates with 2 entries each.
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