
 

 last updated: 4/3/2009 8:47 AM  

 

˫˧ˠ˧˴ˬ 

˸ˣ˧˟ˣ˷˧˥ 
˭˥˟ˬˢ 

 

 

 

˫˩ˣ˯ ,˰ ˡ˪˵ˣˢˣ ˡ˟ˣ˰"˶ˠ˧˪ˤ ˢˮ˧ˡ ˧ 
 

 

 ˪˷ ˢ˧˸ˣ˞˴˶ˢ ˪˰ ˯˯ˣ˟ˬ˲ˣ˶˲ '˭ˬ˶˲ˣ˵ ˢˮ˶ˣ˞  ˪˷ ˫ˢ˧˪ˣˠ˶˸ˣ˪ ˧˟ˣ˶ˬ˦˶ˣ˲ xˠ˧˦˯ˣ˪ ˡ˰ˣ˧ 

  



 

 
1 

 

˷ˣˬ˧˷ ˧˞ˮ˸ 

 

Please read the following important legal 

information before reading or using these notes. The 
use of these notes constitutes an agreement to abide 
by the terms and conditions below, just as if you 
had signed this agreement.  

A. THE SERVICE.  

The following notes ("The service") are provided by 
DinaZil's Notes-Heaven ("Notes-Heaven").  

B. DISCLAIMER OF WAR RANTIES; 

LIMITATION OF LIABIL ITY.  

Notes-Heaven does not endorse content, nor warrant 
the accuracy, completeness, correctness, timeliness 
or usefulness of any opinions, advice, content, or 
services provided by the Service. 

YOU AGREE THAT USE OF THE SERVICE IS 
ENTIRELY AT YOUR OWN RISK. THE 
SERVICE PROVIDED IS PROVIDED "AS IS," 
WITHOUT WARRANTY OF ANY KIND. 
NOTES-HEAVEN EXPRESSLY DISCLAIMS 
ALL WARRANTIES OF ANY KIND, WHETHER 

EXPRESS OR IMPLIED, INCLUDING 
WITHOUT LIMITATION: ANY WARRANTIES 
CONCERNING THE ACCURACY OR 
CONTENT OF INFORMATION OR SERVICES. 
NOTES-HEAVEN MAKES NO WARRANTY 
THAT THE SERVICE WILL MEET YOUR 
REQUIREMENTS, OR THAT THE SERVICE 
WILL BE ERROR FREE; NOR DOES NOTES-
HEAVEN MAKE ANY WARRANTY AS TO THE 

RESULTS THAT MAY BE OBTAINED FROM 
THE USE OF THE SERVICE OR AS TO THE 
ACCURACY OR RELIABILITY OF ANY 
INFORMATION OBTAINED THROUGH THE 
SERVICE. YOU UNDERSTAND AND AGREE 
THAT ANY DATA OBTAINED THROUGH THE 
USE OF THE SERVICE IS DONE AT YOUR 
OWN DISCRETION AND RISK AND THAT 

YOU WILL BE SOLELY RESPONSIBLE FOR 
ANY DAMAGE TO YOUR GPA. 

NEITHER NOTES-HEAVEN NOR ANY OF ITS 
PARTNERS, AGENTS, AFFILIATES OR 
CONTENT PROVIDERS SHALL BE LIABLE 

FOR ANY DIRECT, INDIRECT, INCIDENTAL, 
SPECIAL OR CONSEQUENTIAL DAMAGES 
ARISING OUT OF USE OF THE SERVICE OR 
INABILITY TO GAIN ACCESS TO OR USE THE 
SERVICE OR OUT OF ANY BREACH OF ANY 
WARRANTY. 

 

 

 

C. INDEMNIFICATION.  

You agree to indemnify and hold Notes-Heaven, its 
partners, agents, affiliates and content partners 
harmless from any dispute which may arise from a 
breach of terms of this Agreement. You agree to 
hold Notes-Heaven harmless from any claims and 
expenses, including reasonable attorney's fees and 

court costs, related to your violation of this 
Agreement. 

D. OWNERSHIP RIGHTS.  

The materials provided by the Service may be 
downloaded or reprinted for personal use only. You 
acknowledge that the Service contains information 
that is protected by copyrights, trademarks, trade 
secrets or other proprietary rights, and that these 
rights are valid and protected in all forms, media 
and technologies existing now or hereafter 
developed. You may not modify, publish, transmit, 

participate in the transfer or sale, create derivative 
works, or in any way exploit, any of the Content, in 
whole or in part. You may not upload, post, 
reproduce or distribute Content protected by 
copyright, or other proprietary right, without 
obtaining permission of the owner of the copyright 
or other proprietary right. 

E. NO COPYING OR DISTRIBUTION.  

You may not reproduce, copy or redistribute the 
design or layout of this service, individual elements 
of the design, Notes-Heaven logos or other logos 

appearing on this service, without the express 
written permission of Notes-Heaven, Inc. 
Reproduction, copying or redistribution for 
commercial purposes of the service is strictly 
prohibited without the express written permission of 
Notes-Heaven, Inc. 

If you have any questions about this statement or 
the practices of this service you can contact 

Dina Zeliger 

dinaweb@gmail.com

mailto:dinaweb@gmail.com
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 ˫˧ˮˣˬ˧˯˸˧˦ˬ˸ˬ ˢ˧ˠˣ˪ˣˮ˧ˬ˶˦ˣ 

 

˸ˣ˴ˣ˟˵ 

 

˶ˡˠˢ˸ˣ : 

1. ˢ˴ˣ˟˵ ˫˧˶˟˧˞ ˪˷ ˱˯ˣ˞ ˞˧ˢ ,˶˟˧˞ ˪˩ ˪˷ ˸ˣ˰˲ˣˢˢ ˶˲˯ˬ˪ ˣ˞ ˶ˡ˯˪ ˸ˣ˟˧˷˥ ˞˪˪ . ˪˩˪

˞˪˷ ˣ˞ ˢ˴ˣ˟˵˪ ˨˧˧˷ ˞ˣˢ˷ ˣ˞ ˫˪ˣ˰˟ ˶˟˧˞ .˰ ˸˞ˤ ˫˧ˮˬ˯ˬ" ˧ὥɴ ὃ x-ὥɵ ὃ ˢˬ˞˸ˢ˟. 

2.  ˧ˢ˸ὃ ˢ˴ˣ˟˵ .˷ ˶ˬ˞ˮ-ὄ  ˞˧ˢˢ˴ˣ˟˵ ˸˸ ˪˷ ὃ  ˭ˬ˯ˮˣὄṒὃ  ˪˩˪ ˫˞ὼɴ ὄ ˫˧˧˵˸ˬ 

ὼɴ ὃ. 

3.  ˢ˴ˣ˟˵ ˪˷ ˸ˣ˴ˣ˟˵ˢ ˸˸ ˪˩ ˸˴ˣ˟˵ὃ  ˸˞˶˵ˮˢ˵ˤ˥ˢ ˸˴ˣ˟˵ ˰ ˸ˮˬˣ˯ˬˣ" ˧2ὃ x˞ עὃ. 

4.  ˢˮ˧˧ˢ˸ὃ,ὄ ˸ˣ˴ˣ˟˵ . ˭ˢ˷ ˶ˬ˞ˮ˸ˣˣ˷  ˭ˬ˯ˮˣὃ= ὄ   ˫˞ὃṒὄ ˫ˠˣὄṒὃ , ˧˸˷˪ ˶ˬˣ˪˩

˫˧˶˟˧˞ ˫˸ˣ˞ ˵ˣ˧ˡ˟ ˷˧ ˸ˣ˴ˣ˟˵ˢ. 

5.  ˸˞˶˵ˮ ˶˟˧˞ ˱˞ ˢ˟ ˭˧˞˷ ˢ˴ˣ˟˵ˢˢ ˢ˴ˣ˟˵ˢˢ˵˧˶ ˰ ˸ˮˬˣ˯ˬˣ"˧ ɲ. 

6. ˢ˴ˣ˟˵ ˞ˣˢ ˫˧ˡ˟ˣ˰ ˣˮ˥ˮ˞ ˣ˟˷ ˫˪ˣ˰ˢ˷ ˥˧ˮˮ Ὗ . ˢˮ˧˧ˢ˸ὃ,ὄṒὟ ˫˪ˣ˰˟ ˸ˣ˴ˣ˟˵. 

¶ lx ˥˧˞: ὃ᷾ὄ= ὼɴ Ὗ:ὼɴ ὃ᷉ ὼɴ ὄ 

¶ ˨ˣ˸˧˥ :ὃ᷊ὄ= ὼɴ Ὗ:ὼɴ ὃ᷈ ὼɴ ὄ 

¶ ˫˧˪˷ˬ:  ὃὧ= ὼɴ Ὗ: ὼɵ ὃ  

¶ ˷˶˲ˢ: ὃ ὄʌ= ὼɴ Ὗ: ὼɴ ὃ᷈ ὼɵ ὄ 

 

ˢˬˠˣˡ: ˢˮ˧˧ˢ˸ ὃ= 1,2,3 ,ὄ= 1,2,3,4,5,6,7 ,ὅ= 2,4,5,8 .˧ˤ˞: 

¶ 3 ᶰὃ ˣ˪˧˞ˣ 3 ᶱὅ 

¶ ὃṒὄ 

¶ ὃ᷾ὅ= 1,2,3,4,5,8 

¶ ὄ᷊ὅ= 2,4,5 

¶ ὄ ὃʌ= 4,5,6,7 

 

ˢ˶ˡˠˢ : ˣ˧ˢ˧ὃ,ὄ ˸ˣ˴ˣ˟˵ . ˸˧ˤ˦˶˵ˢ ˢ˪˲˩ˬˢ˪˷  ὃ,ὄ ˰ ˸ˮˬˣ˯ˬ" ˧ὃ× ὄ  ˸ˣˠˣˤˢ ˪˩˪ ˢˣˣ˷ ˞˧ˢˣ

 ˨ˣ˸ˬ ˞ˣˢ ˭ˣ˷˞˶ˢ ˶˟˧˞ˢ ˫ˢ˟ ˫˧˶ˣˡ˯ˢὃ ˣ˸ˬ ˞ˣˢ ˧ˮ˷ˢ ˶˟˧˞ˢˣ ˨ὄ .ˬˣ˪˩ ˶

ὃ× ὄ= ὥ,ὦ:ὥᶰὃ ὦ᷈ɴ ὄ 
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˫˧˯˥˧ 
 

˸ˣ˶ˡˠˢ: 

1. ˧˶˞ˮ˧˟ ˯˥˧ Ὑ  ˭˧˟ὃ ˪-ὄ ˢ˪˲˩ˬˢ ˪˷ ˢ˴ˣ˟˵ ˸˸ ˞ˣˢ ὃ× ὄ ,ˬˣ˪˩ ˶ὙṒὃ× ὄ . ˫˞ὥ 

˪ ˯˥˧˧˸ˬ-ὦ  ˫˧ˮˬ˯ˬὥὙὦ x˞ ὥ,ὦᶰὙ. 

2.  ˯˥˧ὙṒὃ× ὃ ˞˶˵ˮ: 

¶ ˧˟˧˯˵˪˲˶  ˪˩˪ ˫˞ὥɴ ὃ  ˫˧˧˵˸ˬὥὙὥ 

¶ ˧˶˦ˬ˧˯  ˪˩˪ ˫˞ὥ,ὦɴ ὃ ὥὙὦ ˬ˞" ˬὦὙὥ 

¶ ˶ ˦˧˟˧˦˧ˤˮ  ˪˩˪ ˫˞ὥ,ὦ,ὧɴ ὃ  ˫˞ὥὙὦ  ˫ˠˣὦὙὧ  ˤ˞ὥὙὧ 

3. ˧˟˧˯˵˪˲˶ ˞ˣˢ˷ ˯˥˧ , ˞˶˵ˮ ˧˟˧˦˧ˤˮ˶˦ˣ ˧˶˦ˬ˧˯˸ˣ˪˧˵˷ ˯˥˧. 

4.  ˸ˣ˪˧˵˷ ˯˥˧ ˶ˣ˟˰ὙṒὃ× ὃ ˸ˣ˪˧˵˷ˢ ˸˵˪˥ˬ  ˪˷ὥ  ˧˲˪Ὑ  ˞˧ˢ˴ˣ˟˵ s˸˞˧˶˟ ˫˧

˷˧˸ˬ ˫˧˯˥˧-˪ὥ: ὥὙ= ὦɴ ὃ:ὥὙὦ. 

5. ˢ˵ˣ˪˥  ˢ˴ˣ˟˵ ˪˷ὃ ˪ ˸ˣ˧˵˪˥ ˸ˣ˴ˣ˟˵ ˪˷ ˶ˤ ˱˯ˣ˞ ˞˧ˢ- ὃ  ˸˞ ˸ˣ˯˩ˬˢὃ ) ˭ˡˣ˥˧˞ ˶ˬˣ˪˩

˪ ˢˣˣ˷-ὃ(. 

 

˸ˣ˞ˬˠˣˡ: 

1. ˯˥˧ˢ "< " Ṓᴓ× ᴓ ˷ ˶ˬˣ˞ˢ-ὥ< ὦ ˬ˞" ˬὥ ˬ ˷ˬˬ ˭˦˵-ὦ 

2.  ˱˶ˠ˟Ὃ= ộὠ,ὉỚ  ˸ˣ˰˪˴ˢ ˸˴ˣ˟˵Ὁ ˧ˡˣ˵ˡˣ˵ˢ ˪˰ ˯˥˧ ˞˧ˢ ˭˩˷ ˫ὉṒὠ× ὠ 

3.  ˯˥˧ ˶˧ˡˠˮὙṖᴓ× ᴓ ˰" ˧aRb ˬ˞"ˬ  ὥḳὦάέὨ 3 .˷ ˸ˣ˞˶˪ ˪˵ˤ ˞ˣˢˣ ˸ˣ˪˧˵˷ ˯˥˧ ˣˢ

 ˸˞ ˵˪˥ˬᴓ ˸ˣ˪˧˵˷ ˸ˣ˵˪˥ˬ ˷ˣ˪˷˪: 

¶ 7 Ὑ= 1,4,7,ȣ 

¶ 0 Ὑ= 0,3,6,9,ȣ 

¶ 5 Ὑ= 2,5,8,ȣ 

4.  ˪˰ ˫˧˞˟ˢ ˫˧˯˥˧ˢ ˪˰ ˪˩˸˯ˮᴓ: 

˯˥˧ ˧˟˧˯˵˪˲˶ ˧˶˦ˬ˧˯ ˧˟˧˦˧ˤˮ˶˦ 

< - - + 

¢ + - + 

= + + + 

ὥᶰὦ 1,ὦ+ 1  + + - 
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˸ˣ˧˴˵ˮˣ˲ 

 

˸ˣ˶ˡˠˢ: 

1.  ˯˥˧ὙṒὃ× ὄ  ˞˶˵ˮ˞˪ˬ  ˪˩ ˫˞ὥɴ ὃ ˯˥˧˟ ˱˸˸˷ˬ. 

2.  ˯˥˧ὙṒὃ× ὄ  ˞˶˵ˮ˧˩˶˰ ˡ˥  ˪˩˪ ˫˞ὥɴ ὃ  ˫˧˧˵ ˯˥˧˟ ˱˸˸˷ˬ˷ὦɴ ὄ  ˡ˧˥˧˨˩ ˷-

ὥὙὦ. 

3. ˢ˧˴˵ˮˣ˲ ˬ-ὃ ˪-ὄ  ˧˩˶˰ ˡ˥ˣ ˞˪ˬ ˯˥˧ ˞˧ˢὪṒὃ× ὄ ) ˪˩˪ὥɴ ὃ  ˡ˧˥˧ ˶˟˧˞ ˫˧˧˵ὦɴ ὄ 

˷ ˨˩-ὥ,ὦᶰὪ .( ˭ˬ˯ˮ ˢˤ ˢ˶˵ˬ˟Ὢ:ὃᴼὄ x-Ὢὥ = ὦ. 

4.  ˢ˧˴˵ˮˣ˲Ὢ:ὃᴼὄ  ˞˧ˢ˸˧˩˶˰ ˡ˥ ˡ˥ )˪ˢ˪ ˭˥˥"˰ ( ˪˩˪ ˫˞ὦɴ ὄ  ˶˸ˣ˧ˢ ˪˩˪ ˷˧ὥɴ ὃ 

˷ ˨˩ ˡ˧˥˧- Ὢὥ = ὦ. 

5.  ˢ˧˴˵ˮˣ˲Ὢ:ὃᴼὄ  ˞˧ˢ˪˰  ˪˩˪ ˫˞ὦɴ ὄ  ˫˧˧˵ὥɴ ὃ ˷ ˨˩- Ὢὥ = ὦ. 

6. ˢˮ˧˧ˢ˸ Ὢ:ὃᴼὄ,Ὣ:ὄᴼὅ .ˢ˟˩˶ˢˢ Ὣʐ Ὢ ˬ ˢ˧˴˵ˮˣ˲ ˞˧ˢ-ὃ ˪-ὅ ˷ˬɣxˡ˶ ˰˸"˧ 

Ὣʐ Ὢὥ = ὫὪὥ  ˪˩˪ὥɴ ὃ. 

7. ˷ ˶ˬ˞ˮ-Ὢ:ὃᴼὄ ˢ˩˧˲ˢ ˬ˞"ˬ  ˸ˬ˧˧˵Ὣ:ὄᴼὃ ˷ ˨˩-Ὢʐ Ὣ= id = Ὣ Ὢʐ.  ˢ˶˵ˬ˟

 ˭ˬ˯ˮ ˢˤὫ= Ὢ 1 ˷ ˶ˬ˞ˮˣ-Ὣ ˞˧ˢ ˸˧˩˲ˣˢˢ  ˪˷Ὢ. 

 

˦˲˷ˬ : ˧ˢ˸Ὢ:ὃᴼὄ . ˧ˤ˞Ὢ ˥˥"ˬ˞ ˪˰ˣ ˰" ˬὪ ˢ˩˧˲ˢ. 

 

˸ˣ˴ˣ˟˵ ˪˷ ˸ˣˬ˴ˣ˰ 

 

˸ˣ˶ˡˠˢ: 

1.  ˧ˢ˸ὃ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ .ˢˬ˴ˣ˰ˢ  ˪˷ὃ ˭ˬˣ˯˸˷ ˰" ˧ȿὃȿ  ˫˧˶˟˧˞ˢ ˶˲˯ˬ ˞˧ˢ)˫˧ˮˣ˷ˢ (˟-ὃ. 

2.  ˸ˣ˴ˣ˟˵ ˧˸˷ ˢˮ˧˧ˢ˸ὃ,ὄ .˷ ˶ˬ˞ˮ-ὃ,ὄ ˢˬ˴ˣ˰ ˸ˣˣ˷  ˭ˬ˯ˮˣȿὃȿ= ȿὄȿ  ˢ˧˴˵ˮˣ˲ ˸ˬ˧˧˵ ˫˞

 ˢ˩˧˲ˢὪ:ὃᴼὄ. 

3.  ˢ˴ˣ˟˵ὃ  ˞˶˵˧˸ˢ˧ˮˬ ˸˟  ˫˞ȿὃȿ= ȿᴓȿ . ˫˧ˮˬ˯ˬȿᴓȿ= ᴥ0. 

4. ˷ ˶ˬ˞ˮ-ȿὃȿ< ȿὄȿ  ˢ˧˴˵ˮˣ˲ ˸ˬ˧˧˵ ˫˞Ὢ:ὃᴼὄ ˥˥ ˞˧ˢ˷"˪˰ ˢˮ˧˞ ˨˞ ˰ , ˭˧˲ˣ˪˧˥˪ ˣ˞

 ˸ˬ˧˧˵Ὣ:ὄᴼὃ ˥˥ ˢˮ˧˞˷ ˪˰"˰. 

 

 

 

˸ˣ˞ˬˠˣˡ: 

1. ȿᴓȿ= ȿ2ᴓȿ ˰" ˢ˧˴˵ˮˣ˲ˢ ˧() 2f n n= 

2. ȿᴚȿ= ȿᴓȿ . ˧˶˟˧˞ ˸˞ ˶ˡ˯˪ ˭˸˧ˮ˷ ˸ˣ˞˶ˢ˪ ˷˧ ˸˞ˤ ˸ˣ˞˶ˢ˪ ˧ˡ˩ᴚ ˦ˣ˷˲ ˢˤˣ ˢˬ˧˷˶˟ :

0,1, 1,2, 2,3, 3,4, 4,ȣ . ˭˲ˣ˞˟ ˣ˞˧˪˞ˬ˶ˣ˲ Ὢὼ =
ὼ

2
1 ὼ 

3. ȿᴓȿ= ȿᴗ+ȿ 
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ˢˮ˰˦ : ˢ˴ˣ˟˵ ˪˩˪ὃ  ˫˧˧˵˸ˬȿὃȿ< ȿ2ὃȿ 

 

ˢˮ˰˦ :ˢ˧ˮˬ ˸˟ ˢˮˮ˧˞˷ ˢ˴ˣ˟˵ ˸ˬ˧˧˵. 

ˢ˥˩ˣˢ : ˰˦˵ˢ ˪˰ ˪˩˸˯ˮ0,1 . ˪˩ὼɴ 0,1 ˰ ˡ˧˥˧ ˠˣ˴˧˧˪ ˭˸˧ˮ" ˧0.ὥ1ὥ2ȣὥὲȣ  ˶˷˞˩

ὥὭɴ 0,ȣ,9 .˷ ˢ˪˧˪˷˟ ˥˧ˮˮ-0,1 ˢ˧ˮˬ ˭˟ .˞˟ˢ ˭˲ˣ˞˟ ˣ˪˷ ˫˧˶˟˧˞ˢ ˪˩ ˸˞ ˫ˣ˷˶˪ ˭˸˧ˮ ˧ˤ˞: 

0.ὥ1
1ὥ2

1ȣὥὲ
1ὥὲ+ 1

1 ȣ 

0.ὥ1
2ὥ2

2ȣὥὲ
2ὥὲ+ 1

2 ȣ 

ể 

0.ὥ1
ὲὥ2
ὲȣὥὲ

ὲὥὲ+ 1
ὲ ȣ 

ể 

 ˶˲˯ˬˢ ˪˰ ˪˩˸˯ˮ0.ὥ1ὥ2ȣὥὯȣᶰ 0,1  ˪˩˪ ˶˷˞˩Ὧɴ ᴓ ˫˧˧˵˸ˬ ὥὯ ὥὯ
Ὧ . ˞˪ ˢˤˢ ˶˲˯ˬˢ

ˣˮ˪˷ ˫˧˶˲˯ˬˢ ˸ˬ˧˷˶˟ ˞˴ˬˮ ,ˢ ˢ˶ˣ˷˟ ˫ˣ˷˶ ˢ˧ˢ ˞ˣˢ ˫˞ ˧˶ˢ˷-ὲ ˫˧˧˵˸ˬ ˤ˞ ˪˲˧ ˷˧˶ˢˣ˫ ˣˮ˪˷ 

0.ὥ1ὥ2ȣὥὲȣ= 0.ὥ1
ὲὥ2
ὲȣὥὲ

ὲȣ , ˶˲˯ˬˢ ˸˶ˡˠˢ ˧˲˪ ˪˟˞ὥὲ ὥὲ
ὲ ˸˯˟ˢ˶˧ . 

J 
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˭ˣ˷˞˶ ˵˪˥ 

 

˸ˣ˲˷ˣ ˫˧˦ˬˣ˦ˣ˞ 
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˸ˣ˧˶˪ˣˠ˶ ˸ˣ˲˷ 

 

˫˧˧˲ˣ˯ ˫˧˦ˬˣ˦ˣ˞ 

 

˸ˣ˶ˡˠˢ: 

1. ˸˧˟˲˪˞ )˞"˟ ( ˫˧ˮˬ˧˯ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ ˞ˣˢ{ }1,..., ns sS= .˞˟ ˫˧ˮˬ˧˯ˢ" ˫˧˞˶˵ˮ ˟

˸ˣ˧˸ˣ˞. 

2. ˢ˪˧ˬ  ˸ˣ˧˸ˣ˞ ˪˷ ˸˧˲ˣ˯ ˢ˶ˡ˯ ˞˧ˢ1 2... kw w w w= . ˸˞˶˵ˮ ˸ˣ˞ ˱˞ ˢ˟ ˭˧˞˷ ˢ˪˧ˬˢ

ˢ˵˧˶ˢ ˢ˪˧ˬˢ ˰ ˸ˮˬˣ˯ˬˣ" ˧e . ˢ˪˧ˬ ˸ˣ˧˸ˣ˞ ˪˩ ˫˞w ˞ ˨ˣ˸ˬ ˭ˢ" ˟S ˷ ˶ˬ˞ˮ-w  ˞˧ˢ

˪˰ˬ S. 

3.  ˪˰ˬ ˫˧˪˧ˬˢ ˪˩S  ˭ˢ{ }* :  is a word over w wS = S 

4. ˢ˲˷  ˫˧˪˧ˬ ˪˷ ˧ˢ˷˪˩ ˢ˴ˣ˟˵ ˞˧ˢ- 
*LËS. 

 

˶ˡˠˢ:s  ˧˦˯˧ˮ˧ˬ˶˦ˡ ˧˲ˣ˯ ˦ˬˣ˦ˣ˞)˯˞ ˭˪ˢ˪"l ( ˢ˧˧˷˧ˬ˥ ˞ˣˢ0, , , ,Q q FdS ˶˷˞˩: 

1. Q ˫˧˟˴ˬ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ 

2. S ˞"˟ 

3. :Q Qd ³S­ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ 

4. 0q QÍ ˧˸˪˥˸ˢ ˟˴ˬ 

5. F QË ˫˧˪˟˵ˬ ˫˧˟˴ˬ ˸˴ˣ˟˵ 

 

ˢˬˠˣˡ :{ }{ } {}1 1 2 3 1 2, , , 0,1 , , ,M q q q q qd= x-d ˰ ˸˶ˡˠˣˬ"ˢ˞˟ˢ ˢ˪˟˦ˢ ˧: 

1 1 2

2 3 2

3 2 2

0 1

q q q

q q q

q q q

d

 

˯˞ˢ ˸˞"˞˟ˢ ˭˲ˣ˞˟ ˶ˣ˧˴ ˸˶ˤ˰˟ ˶˞˸˪ ˭˸˧ˮ ˢˤˢ ˡ: 
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˸ˣ˶ˡˠˢ: 

1.  ˢ˪˧ˬ ˭˸ˮ˧ˢ˟1... nw w w= ,ˢ˴˧˶ r ˯˞ ˪˷" ˡM  ˪˰w  ˫˧˟˴ˬ ˸˶ˡ˯ ˞˧ˢ0 1... nr r r r= 

-˟Q ˷ ˨˩˸ˣ˞˟ˢ ˸ˣˮˣ˩˸ˢ ˸ˣˬ˧˧˵˸ˬ: 

¶ 0 0r q= )˧˸˪˥˸ˢˢ ˟˴ˬ˟ ˢ˪˧˥˸ˬ ˢ˴˧˶ˢ( 

¶  ˪˩˪1 1i n¢ ¢ -  ˫˧˧˵˸ˬ( )1 1,i i ir r wd+ += ) ˸˧˧˴˵ˮˣ˲˪ ˫˞˸ˢ˟ ˸ˬˡ˵˸ˬ ˢ˴˧˶ˢ

˫˧˶˟˰ˬˢ( 

2.  ˢ˴˧˶0... nr r r=  ˞˧ˢ˸˪˟˵ˬ  ˫˞nr FÍ , ˸˶˥˞r ˢ˥ˣˡ. 

3. ˯ ˞" ˡM ˪˟˵ˬ  ˢ˪˧ˬw  ˪˷ ˢ˴˧˶ˢ ˫˞M ˪˰w ˸˪˟˵ˬ ˞˧ˢ , ˸˶˥˞Mˢ˥ˣˡ  ˸˞w. 

4. ˯˞ ˪˷ ˢ˲˷"l  ˪˟˵ˬ ˞ˣˢ˷ ˫˧˪˧ˬˢ ˪˩ ˸˴ˣ˟˵ ˞˧ˢ- ( ){ }* :  accepts wL M w M= ÍS 

 

ˢˬˠˣˡ: ˯˞ ˢˮ˟ˮ" ˡ2M ˷ ˨˩-( ) { }{ }*

2 0,1 :  conatains the sequence 001L M w w= Í. 

 

˸ˣ˰ˬ˷ˬ ˷˧ ˫˧˟˴ˬ˪: 

¶ 0q-   ˱˴˶ˢ˷ ˧ˮ˲˪001 ˪˧˥˸ˬ 

¶ 1q-   ˣˮ˞˶˵0 

¶ 2q-   ˣˮ˞˶˵00 

¶ 3q-   ˣˮ˞˶˵001 

˧˶˥˞˷ ˸ˣ˞˶˪ ˭˸˧ˮ  ˟˴ˬ˪ ˣˮ˰ˠˢ ˶˟˩˷3q˥˴ˮ˪ ˣ˟ ˶˞˷˧ˮ ˣˮ˥ˮ˞ ,˦˪˵˪ ˶˷˵ ˞˪˪ . ˢ˟˧˯ˢ ˢˤ ˢ˶˵ˬ˟

 ˱˴˶ˢ˷ ˣˮ˵ˡ˟ ˶˟˩˷ ˞˧ˢ ˨˩˪001  ˶˞˷ ˭ˢˬ ˣˮ˪ ˸˲˩˞ ˞˪ ˣ˸ˣ˞ ˣˮ˞˴ˬ˷ ˰ˠ˶ˢˬˣ ˢ˪˧ˬ˟ ˞˴ˬˮ

ˢ˪˧ˬ˟ ˸ˣ˧˸ˣ˞ˢ . ˞˶˵ˮ ˢˤ˩ ˟˴ˬ˪˟˵ˬ ˶ˣ˟ .˸˞ˤ ˸ˬˣ˰˪ ,ˬ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˶˟˩ ˣ˧˪˞ ˣˮ˰ˠˢ˷ ˰ˠ˶˟˷ ˟˴

ˢˤ ˟˴ˬ˟ ˣˮ˸ˣ˞ ˶˧˞˷˧ ˦˪˵ ˪˩ ˭˩˪ˣ ˢ˲˷˟ ˢˮ˧˞ ˢ˪˧ˬˢ˷ ˶ˣ˶˟ . ˞˶˵ˮ ˢˤ˩ ˟˴ˬˢ˥ˣˡ ˶ˣ˟. 

1q 2q 3q

1

0

0,1

0

1

0q

0

1q 2q 3q

1 0

0,10 1
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ˢˬˠˣˡ :˯˞ ˶˧˧˴˪ ˧˞ˡ˩ ˡ˧ˬ˸ ˞˪"l .ˢ˲˷ˢ ˪˰ ˪˩˸˯ˮ ˪˷ˬ˪ 

{ }n:  contains the sequence 0 1nL w w= 

 ˣˢˬ ˰ˣˡ˧˷ ˢ˶˵ˬ˟n ˯˞ˢ ˸˞ ˶˧˧˴˪ ˭˸˧ˮ"ˢ˧˧˰˟ ˧˪˟ ˡ .˪˪˷ˬ ,˯˞ ˣˮ˶˧˧˴ ˸ˬˡˣ˵ˢ ˢˬˣˠ˟" ˶ˣ˟˰ ˡ

2L . ˶ˣ˞˧˸ ˸˸˪ ˦ˣ˷˲ ˱˧ˡ˰ ˧˪˪˩ ˭˲ˣ˞˟ ˪˟˞˧˪˞ˬ˶ˣ˲ ˯˞ˢ ˪˷"˞˟ˢ ˭˲ˣ˞˟ ˡ: 

{ }{ } { }0 1 1 0 1, ,..., , 0,1 , , ,n n nM q q q q qd+ += 

 ˶˷˞˩d ˞˟ˢ ˭˲ˣ˞˟ ˸˶ˡˠˣˬ: 

¶  ˶ˣ˟˰0q  ˶˧ˡˠˮ( )0 1,0q qd = x-( )0 0,1q qd = 

¶  ˶ˣ˟˰1 1i n¢ ¢ -  ˶˧ˡˠˮ( ) 1,0i iq qd += x-( ) 0,1iq qd = 

¶  ˶ˣ˟˰nq  ˶˧ˡˠˮ( ),0n nq qd = x-( ) 1,1n nq qd += 

¶ 1nq + ˪˟˵ˬ ˟˴ˬ , ˶ˬˣ˪˩( ) ( )1 1 1,0 ,1n n nq q qd d+ + += = 

 

ˢ˶ˡˠˢ : ˧ˢ˧0, , , ,A Q q Fd= S ˯˞"l . ˢ˧˴˵ˮˣ˲ ˶˧ˡˠˮ
* *:Q Qd ³S ­  ˨˶ˣ˞ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟

˦˪˵ˢ ˸˪˧ˬ: 

1. ( )* ,q qd e= 

2.  ˶ˣ˟˰
*uÍS x-aÍS ( ) ( )( )* *, , ,q ua q u ad d d= 

 ˢ˷˰ˬ˪( )* ,q wd ˰˧ˠ˸ ˣ˧˪˞˷ ˟˴ˬˢ ˞ˣˢ A  ˪˰ ˢ˴˧˶˟w  ˟˴ˬˢˬ ˢ˪˧˥˸ˬ˷q . ˤ˞ˣ

( )*

0,q w Fd Í ˬ˞" ˬ()w L AÍ. 

ˢˬˠˣˡ :˯˞ ˢˮ˟ˮ"l  ˢ˲˷ˢ ˶ˣ˟˰{ } ( )
*

1

1

... 0,1 : 0 mod3
n

n i

i

L w w w
=

ë û
= Í ¹ì ü
í ý

ä: 

 

2q

0q

1q

0

1

00

1

1

A
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 ˪˷ ˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲A˰ ˶ˡˠˣˬ" ˧( ),0i iq qd = x-( ) ( )1 mod3
,1i i

q qd
+

=  ˪˩˪0 2i¢ ¢. 

 ˪˩˪˷ ˭˰˦ˮ{ }1... 0,1 *nw w w= Í  ˫˧˧˵˸ˬ( )*

0, jq w qd =  ˶˷˞˩
1

mod3
n

i

i

j w
=

å õ
=æ ö
ç ÷
ä . ˥˧˩ˣˮ

 ˪˷ ˨˶ˣ˞ˢ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˸˞ˤw. 

1.  ˫˞w e=  ˤ˞( )*

0 0,q qd e=  ˞ˣˢ ˫ˣ˩˯ˢ ˭˩˞ˣ0. 

2.  ˶ˣ˟˰ ˥˧ˮˮ1 1... nw w-  ˶ˣ˟˰ ˥˧˩ˣˮˣ1... nw w . ˫˧˧˵˸ˬ ˢˡˠˢˢ ˧˲˪

( ) ( )( ) ( )* *

0 1 1 1, .. ... , ,n n n j nq w w w w w q wd d d d-= =  ˶˷˞˩
1

1

mod3
n

i

i

j w
-

=

å õ
=æ ö
ç ÷
ä .

˸˰˩ , ˫˞0nw =  ˭˩ˣ ˢˮ˸˷ˬ ˞˪ ˫ˣ˩˯ˢ ˤ˞( ),j n jq w qd = . ˫˞ˣ1nw =  ˤ˞

( ) ( )1 mod3
,j n j

q w qd
+

= ˟ ˪ˡˠ ˫ˣ˩˯ˢ ˫ˠ ˪˟˞-1  ˱˯ˣˣ˸ˢ ˭˩˪ˣ1 ˸˧˶˞˷˪. 

ˢˮ˰˦ˢ ˸ˬ˧˧˵˸ˬ˷ ˣˮ˧˞˶ˢ .˷ ˫˧˧˵˸ˬ ˦˶˲˟-( )
1

0 mod3
n

i

i

w
=

¹ä ˬ˞" ˬ( )*

0 0,q w qd =  ˭˩˪ˣ

()L A L=. 

 

ˢ˶ˡˠˢ : ˢ˲˷
*LËS  ˸˞˶˵ˮ˸˧˶˪ˣˠ˶ ˯˞ ˫˧˧˵ ˫˞" ˡM ˷ ˨˩-( )L M L=.  ˸˵˪˥ˬ ˸˞ ˭ˬ˯ˮ

˟ ˸ˣ˧˶˪ˣˠ˶ˢ ˸ˣ˲˷ˢ-DFA. 

 

ˢ˶ˡˠˢ : ˢˮ˧˧ˢ˸
*

1 2,L L ËS  ˪˰ˬ ˭ˢ˷˪˩ ˸ˣ˲˷S .˞ ˶˧ˡˠˮ˸ˣ˲˷ˢ ˪˰ ˸ˣ˞˟ˢ ˸ˣ˪ˣ˰˲ˢ ˸: 

¶ ˡˣ˥˧˞ :{ }1 2 1 2:L L w w L w LÇ = Í Ù Í 

¶ ˨ˣ˸˧˥ :{ }1 2 1 2:L L w w L w LÆ = Í Ø Í 

¶ ˫˧˪˷ˬ :{ }1 1:L w w L= Î 

¶ ˟˩ˣ˩ :{ }*

1 1 1... :0 1k iL w w k i k w L= ¢ Ø" ¢ ¢ Í 

 

˦˲˷ˬ : ˢˮ˧˧ˢ˸1 2,L L ˸ˣ˧˶˪ˣˠ˶ ˸ˣ˲˷ . ˧ˤ˞1 2L LÇ ˸˧˶˪ˣˠ˶. 

ˢ˥˩ˣˢ :1 2,L L ˸ˣ˧˶˪ˣˠ˶ .ˢ˟ ˥˧ˮˮ"˷ ˩-1 2,L L ˞ ˣ˸ˣ˞ ˪˰ˬ ˭ˢ˧˸˷"˟ . ˡˣ˥˧˞ ˪˞ ˪˩˸˯ˮ ˸˶˥˞

˞ˢ"˭ˢ˪˷ ˫˧˟ . ˣ˧ˢ˧1 2,A A ˯˞"ˢˬ˞˸ˢ˟ ˭˸ˣ˞ ˫˧˪˟˵ˬ˷  ˫˧ˡ .˷ ˥˧ˮˮ-, , , ,i i i i iA Q s Fd= S. 

˯˞ ˶˧ˡˠˮ" ˷ˡ˥ ˡ0, , , ,A Q s Fd= S ˶˷˞˩: 
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¶ 1 2Q Q Q= ³ 

¶ ( )0 1 2,s s s= 

¶ ( )( ) ( ) ( )( )1 2 1 1 2 2, , , , ,q q q qd s d s d s= 

¶ 
1 2 1 2F F Q Q F= ³ Ç ³ 

˷ ˞ˣˢ ˭ˣ˧˰˶ˢ-A  ˪˰ ˳˶ ˢ˷˰ˬ˪
1A  ˪˰ˣ2A ˪˟˵ˬ ˟˴ˬ˪ ˰˧ˠˢ ˫ˢˬ ˡ˥˞ ˫˞ ˪˟˵ˬˣ ˭ˬ˷ ˣ˸ˣ˞˟. 

˷ ˥˧˩ˣˮ-() ( ) ( )1 2L A L A L A= Ç: 

)Ë( ˷ ˥˧ˮˮ-()1... nw w w L A= Í . ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˧ˤ˞0 1... nr r r r=  ˪˷A ˪˰w . ˭ˬ˯ˮ

( )1 2,i i

ir q q= . ˸˶ˡˠˢˬA ˷ ˰˟ˣˮ-
0 1... n

i i i it q q q=  ˪˷ ˢ˴˧˶ˢ ˞˧ˢiA  ˪˰w .˷ ˶˥˞ˬ-

1 2 1 2nr F Q Q FÍ ³ Ç ³ ,˷ ˰˟ˣˮ-1 1

nq FÍ ˞ ˣ2 2

nq FÍ , ˶ˬˣ˪˩( ) ( )1 2w L A L AÍ Ç. 

)È( ˷ ˥˧ˮˮ-( ) ( )1 2w L A L AÍ Ç .ˢ˟" ˩( )1w AÍ . ˧ˢ˸
0 1... n

i i i it q q q=  ˪˷ ˢ˴˧˶ˢiA  ˪˰w .

 ˢ˶ˡˠˢˢ ˧˲˪ ˧ˤ˞0 1... nr r r r=  ˪˷ ˢ˴˧˶ˢ ˞˧ˢA  ˪˰w  ˶˷˞˩( )1 2,i i

ir q q= .˷ ˣˮ˥ˮˢ ˪˟˞-

( )1w L AÍ . ˭˩˪1 1

nq FÍ . ˭˩˪nr FÍ ,ˬˣ˪˩ ˶()w L AÍ. 

J 

 

ˢˬˠˣˡ :˸ˣ˲˷ˢ ˸˞ ˶˧ˡˠˮ ˸ˣ˞˟ˢ :{ } { }1 2:  is even , :  is oddL w w L w w= =  ˪˰ˬ{}a. 

 

1q 1s 2q
2s

a

a

a

a

1A
2A

a

a

( )1 2,q q ( )1 2,s s

( )1 2,q s ( )1 2,s q

A
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˷ ˶˥˞ˬ-
*

1 2L LÇ =S  ˡ˥˞ ˟˴ˬ ˵˧˲˯ˬ ˢ˧ˢ˯˞ˢ ˢ˲˷ˢ ˸˞ ˶˞˸˪ ˪˧˟˷˟" ˣˮ˧ˮ˟˷ ˡ

ˬˢ ˦ˬˣ˦ˣ˞ ˞˶˵ˮ ˢ˥˩ˣˢ˟ˢ˪˲˩ .˧ˮˤ˟ˤ˟ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞˷ ˫˧˞ˣ˶ ˣˮ˥ˮ˞ ˤ˞ .˭˩ ˣˬ˩ , ˭˸˧ˮ

˫˧ˠ˧˷˧ ˞˪ ˫˧˟˴ˬ ˣˮ˪˟˧˵˷ ˭˞˩ ˸ˣ˞˶˪ .˪˟˞ , ˸ˣˮ˟˪ ˭˸˧ˮ ˡ˧ˬ˸ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞ ˸˞  ˢˬ˴ˣ˰ˢ ˸˞ˤˣ

˦˲˷ˬˢ ˪˷ . 

 

ˢ˶˰ˢ :˯˞ ˪˷ ˢ˶ˡˠˢ˟ ˫ˮˬ˞" ˡd ˢˬ˪˷ ˢ˧˧˴˵ˮˣ˲ ˞˧ˢ ,˸ˣ˟˶ ˫˧ˬ˰˲ ˪˰ˣ˲˟ ˨˞ ˯˞ ˫˶˧˧˴ˬ˷˩" ˡ

˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲ ˪˷ ˫˧˶˟˰ˬˢ ˪˩ ˸˞ ˫˧˶˧˧˴ˬ ˞˪ . ˸ˣ˞ ˷˧ ˫˞s  ˟˴ˬˣq  ˫˶ˣ˟˰˷( ),qd s  ˞˪

˸˶ˡˠˣˬ ,˯˞ˢ ˫˞˷ ˞˧ˢ ˢˮˣˣ˩ˢ" ˟˴ˬ˟ ˞˴ˬˮ ˡq  ˸ˣ˞ˢˣs ˯˞ˢ ˤ˞ ˦˪˵ˢˬ ˢ˰˧ˠˬ" ˡ"˰˵˸ˮ "

ˢ˪˧ˬˢ ˸˞ ˢ˥ˣˡˣ .˰ ˶ˣ˞˧˸˪ ˭˸˧ˮ ˢˤ ˟˴ˬ˷ ˶ˣ˶˟"ˢ˞˪ˬ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ ˧ . ˢ˥ˣˡ ˶ˣ˟ ˱˧˯ˣˮ ˦ˣ˷˲

 ˫˧˶ˣˬ˞˷ ˫˧˦˪˵ˢ ˪˩ ˸˞ ˶˧˟˰ˮ ˣ˧˪˞ˣ"˰˵˸˧ˢ˪ ."ˢˤ ˶˷˵ˢ˟ , ˦ˬˣ˦ˣ˞ ˸˞ ˫˧ˮˣ˟ ˶˷˞˩˷ ˭˧˧˴˪ ˟ˣ˷˥

ˢ ˸˧˧˴˵ˮˣ˲ ˪˷ ˢ˞˪ˬˢ ˢ˶ˡˠˢ˟ ˷ˬ˸˷ˢ˪ ˟ˣ˷˥ ˢ˪˲˩ˬˢ˫˧˶˟˰ˬ. 

 

ˢˬˠˣˡ :{} {} *

1 2, ,a L a LS= = =S 

 

 ˪˷ ˢ˞˪ˬˢ ˢ˶ˡˠˢ˟ ˫˧˷ˬ˸˷ˬ ˞˪ˣ ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞ ˸˞ ˫˧ˮˣ˟ ˶˷˞˩ ˢ˶ˣ˵ ˢˬ1d? 

˦˲˷ˬ : ˢˮ˧˧ˢ˸1 2,L L ˸ˣ˧˶˪ˣˠ˶ ˸ˣ˲˷ . ˧ˤ˞1 2L LÆ ˧˶˪ˣˠ˶.˸ 

ˢ˥˩ˣˢ :˫ˡˣ˵ˢ ˦˲˷ˬˢ ˪˷ ˢ˥˩ˣˢ˪ ˢˬˣˡ ˭˲ˣ˞˟ , ˢ˪˲˩ˬˢ ˦ˬˣ˦ˣ˞˟˷ ˞˪˞1 2F F F= Æ. 

J 

 

˫ˤ˧ˮ˧ˬ˶˦ˡ ˧˞ 

 

ˢˬˠˣˡ : ˢ˲˷ˢ ˶ˣ˟˰ ˢ˞˟ˢ ˫˧˟˴ˬˢ ˸ˮˣ˩ˬ ˪˰ ˪˩˸˯ˮ{ }:  contains the sequence 101L w w= 

 

0,1

1q0q 2q 3q

0,1

1 10

1q 1s 2qa

a
1A 2A
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 ˟˴ˬ˟0q ˪˵ˢˬ ˢ˰˧ˠˬ ˶˷˞˩ ˸ˣ˞ˢ ˦1 ˟ ˶˞˷˧ˢ˪ ˨˧˶˴ ˫˞ˢ ˶ˣ˶˟ ˞˪-0q ˪ ˶ˣ˟˰˪ ˣ˞-1q .˪˷ˬ˪ ,

 ˢ˪˧ˬˢ ˶ˣ˟˰101 ˸ˣ˴˧˶ ˧˸˷ ˸ˣ˧ˢ˪ ˸ˣ˪ˣ˩˧ :0 0 0 1q q q q x-0 1 2 3q q q q .ˢ˴˧˶ˢ  ˣ˪˧˞ˣ ˢ˥ˣˡ ˢˮˣ˷˞˶ˢ

˸˪˟˵ˬ ˢ˧˧ˮ˷ˢ . ˫˞˷ ˢ˞˶˸ ˢ˶˴˵ ˢ˵˧ˡ˟w LÎ ˢ˶ˣ˟˰ ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˞˪. 

 

˶ˡˠˢ˸ˣ: 

1. ˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ ˧˲ˣ˯ ˦ˬˣ˦ˣ˞ )˯˞ ˭˪ˢ˪"˪ ( ˢ˧˧˷˧ˬ˥ ˞ˣˢ0, , , ,A Q Q Fd= S ˶˷˞˩: 

¶ Q ˫˧˟˴ˬ ˪˷ ˸˧˲ˣ˯ ˢ˴ˣ˟˵ 

¶ S ˞"˧˲ˣ˯ ˟ 

¶ {}( ): 2QQd e³ SÇ ­ ˸˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪ ˫˧˶˟˰ˬ ˸˧˧˴˵ˮˣ˲ 

¶ 0Q QË ˫˧˧˸˪˥˸ˢ ˫˧˟˴ˬ ˸˴ˣ˟˵ 

¶ F QË ˵˫˧˪˟˵ˬ ˫˧˟˴ˬ ˸˴ˣ˟ 

2. ˢ˴˧˶ ˯˞ ˪˷" ˪A  ˪˰
*

1... nw w w= ÍS ˡ˯ ˞˧ˢ ˫˧˟˴ˬ ˸˶0 1... mr r r r= ˷ ˨˩- 

¶  ˸˞ ˟ˣ˸˩˪ ˭˸˧ˮw ˩-1... mw y y=  ˶˷˞˩{}iy eÍSÇ ) ˸˞ ˡ˲˶˪ ˭˸˧ˮw ˰" ˧e

-˫˧( 

¶ 0 0r QÍ )˸ˬ ˶ˬˣ˪˩˧˸˪˥˸ˢ ˟˴ˬˬ ˢ˴˧˶ˢ ˸˞ ˫˧˪˧˥( 

¶ ( )1 1,i i ir r yd+ +Í )˫˧˶˟˰ˬˢ ˸˧˧˴˵ˮˣ˲ ˧˲˪ ˸ˬˡ˵˸ˬ ˢ˴˧˶ˢ( 

3.  ˢ˴˧˶r ˯˞ ˪˷" ˪A  ˪˰
*wÍS  ˞˧ˢ˸˪˟˵ˬ  ˫˞nr FÍ . ˞˧ˢ ˸˶˥˞ˢ˥ˣˡ. 

4. ˯ ˞" ˪A ˪˟˵ˬ  ˢ˪˧ˬw  ˪˷ ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˫˞A  ˪˰w . ˞ˣˢ ˸˶˥˞ˢ˥ˣˡ ˢ˸ˣ˞. 

5. ˯˞ ˪˷ ˢ˲˷"˪ A ˷ ˫˧˪˧ˬˢ ˪˩ ˞˧ˢ-A  ˪˟˵ˬ- (){ }:  accepts L A w A w=. 

6. ˪˥ˬ ˸˞ ˭ˬ˯ˮ˰ ˸ˣ˪˟˵˸ˬ˷ ˸ˣ˲˷ˢ ˸˵"˯˞ ˧"˟ ˪-NFA. 

ˢˬˠˣˡ : ˸ˣ˞ˢ ˪˷ ˸ˣ˰ˬ˷ˬˢe ˢ˪˧ˬˢˬ ˸ˣ˞ ˪˷ ˢ˞˧˶˵ ˞˪˪ ˞˟ˢ ˟˴ˬ˪ ˶ˣ˟˰˪ ˭˸˧ˮ˷ ˞ˣˢ ˦˪˵˟ .

˪˷ˬ˪ ,˯˞ˢ ˪˰ ˪˩˸˯ˮ"˞˟ˢ ˪: 

 

ˣ˴˧˶ˢ ˸˥˞ ˢ˪˧ˬˢ ˶ˣ˟˰ ˸ˣ˧˶˷˲˞ˢ ˸11  ˞˧ˢ0 1 2 3q q q q . ˪˰ ˫˧˪˩˸˯ˬ ˫˞ ˸˪˟˵˸ˬ ˣˤ ˢ˴˧˶11 

 ˪˰˩1 1e. ˬ ˶˟˰ˬˢ-1q ˪-2q  ˞˶˵ˮ ˡ˰˴e. 

 

 

 

0,1

1q0q 2q 3q

0,1

1 10,e



 

 
19 

 

˦˲˷ˬ :˯˞ ˪˩˪" ˪A ˯˞ ˫˧˧˵" ˪'A  ˧ˡ˰˴ ˞˪˪e ˷ ˨˩-() ( )'L A L A= . ˸˞ ˭˩ ˣˬ˩'A  ˭˸˧ˮ

 ˭ˬˤ˟ ˟˷˥˪˧˪˞˧ˬˣˮ˧˪ˣ˲. 

ˢ˥˩ˣˢ :˵˪ ˭˸˧ˮ˷ ˞ˣˢ ˭ˣ˧˰˶ˢ˰ ˣ˧˪˞ ˰˧ˠˢ˪ ˭˸˧ˮ˷ ˟˴ˬ˪ ˟˴ˬ ˪˩ ˶˧˷˧ ˭˲ˣ˞˟ ˶˷" ˧˶˟˰ˬ ˪˷ ˢ˶ˡ˯ ˧

e. 

 ˧ˢ˧0, , , ,A Q Q Fd= S ˯˞"˪ . ˟˴ˬ ˶ˣ˟˰q QÍ  ˸˞ ˶˧ˡˠˮ()E q  ˫˧˟˴ˬˢ ˸˴ˣ˟˵ ˸ˣ˧ˢ˪'q  ˨˩

ˠˢ˪ ˭˸˧ˮ˷ˬ ˰˧-q ˪-'q ˰"˭ˣ˪˧˯˲˞ ˧˶˟˰ˬ ˸˶ˡ˯ ˧ . ˫˧˟˴ˬ ˢ˴ˣ˟˵ ˶ˣ˟˰S QË  ˶˧ˡˠˮ

() ()
q S

E S E q
Í

=8. 

 ˟˴ˬ ˭˸ˮ˧ˢ˟q  ˸˞ ˞ˣ˴ˬ˪ ˪˵()E q ˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟˰ ˸"˞˟ˢ ˫˸˧˶ˣˠ˪˞ˢ ˧: 

1. {}0S q«  

2. 0i«  

3. repeat 

3.1. ( )( ){ }1 ' : '' ' '',i i iS S q q S q qd e+« Ç $ Í Í  

3.2. 1i i« +  

until 1i iS S-=  

4. return iS  

˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˭ˬˤ˟ ˶˴ˣ˰ ˫˸˧˶ˣˠ˪˞ˢ˷ ˶ˣ˶˟ , ˪˩˪ ˧˶ˢ˷0 i<  ˫˧˧˵˸ˬ1i iS S+Ë  ˸˞ ˰˴˟˪ ˭˸˧ˮ ˭˩˪ˣ

 ˟˪˷)2.1 ( ˶˸ˣ˧ˢ ˪˩˪Q ˫˧ˬ˰˲ . ˪˩ ˪˰ ˶ˣ˟˰˪ ˷˧ ˢ˧˴˶˦˧˞ ˪˩˟Q  ˪˩˪ ˭˩˪ˣq  ˨˶˦˴ˮ( )2
O Q 

˧ˡ˰˴ ˫. ˸˞ ˟˷˥˪ ˪˧˟˷˟()E q  ˪˩˪q QÍ ˢ˯ ˨˶˦˴ˮ" ˩( )3O Q ˫˧ˡ˰˴. 

˭˩ ˭ˬ˩ , ˸˞ ˶˧ˤ˥ˬ ˭˩˞ ˫˸˧˶ˣˠ˪˞ˢ˷ ˰ˮ˩˸˷ˢ˪ ˪˵ ˶ˣ˶˟()E q ˢ˪˰ˬ˪ ˢ˸ˣ˞ ˣˮ˶ˡˠˢ˷ ˧˲˩. 

 

 ˸˞ ˶˧ˡˠˢ˪ ˪˩ˣˮ ˸˰˩0' ', ', ', , 'A Q Q Fd ¡= S ˞˟ˢ ˭˲ˣ˞˟: 

¶ 'Q Q= 

¶ 'S =S 

¶ ( ) ( )( ) ()
( )' ,

' , , '
q q

q E q E q
d s

d s d s
Í

= =8 

¶ ( ) ( )
0 0

0 0 0

q Q

Q E Q E q
Í

¡= =8 

¶ 'F F= 
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˷ ˢ˞˶ˮ ˸˰˩-() ( )'L A L A=: 

)Ë( ˮ ˢ˪˧ˬ ˶ˣ˟˰˷ ˢ˞˶1... nw w  ˪˷ ˢ˴˧˶ ˷˧ ˫˞A  ˢ˧˪˰0... tr r  ˪˷ ˢ˴˧˶ ˫ˠ ˷˧ ˤ˞'A  ˢ˧˪˰

˟ ˸ˬ˧˧˸˯ˬ˷-tr . ˦˶˲˟˷˧˷ ˫˧˪˧ˬˢ ˪˩ ˶ˣ˟˰ ˭ˣ˩ˮ ˢ˧ˢ˧ ˢˤ ˷ ˨˩ ˢ˴˧˶ ˭˶ˣ˟˰-tr FÍ ˞x˷ ˪˟˵ˮ ˤ-

() ( )'L A L AË .ˢ ˧˲˴˶ ˶˲˯ˬ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˢˮ˰˦ˢ ˸˞ ˥˧˩ˣˮ-e  ˢ˴˧˶˟0... tr r. 

1.  ˧˶˟˰ˬ ˢ˴˧˶˟ ˭˧˞ ˫˞e  ˤ˞0... tr r ˟ ˢ˴˧˶ ˫ˠ ˞˧ˢ-'A ˢ˶ˣ˶˟ ˢˮ˰˦ˢˣ. 

2.  ˶ˣ˟˰ ˥˧ˮˮk  ˧˲˴˶e  ˶ˣ˟˰ ˥˧˩ˣˮˣ1k+ .˟ ˭ˬ˯ˮ-m ˢ ˱˴˶ ˧ˮ˲˪˷ ˯˵ˡˮ˧˞ˢ ˸˞-e  ˭ˣ˶˥˞ˢ

˟ˣ-l ˢ ˯˵ˡˮ˧˞ˢ ˸˞˱˴˶ ˪˷ ˭ˣ˶˥˞ s-e ˭ˣ˶˥˞ˢ . ˢ˴˧˶˟ ˪˩˸˯ˮ ˤ˞0 1 1... ... ...m m l l tr r r r r r+ + .

˟ ˢ˴˧˶ ˷˧ ˢ˧˴˵ˣˡˮ˧˞ˢ ˸˥ˮˢ ˧˲˪-'A ˪ ˢ˰˧ˠˬ˷-mr  
  ˫ˠ ˶˷˞˩ὃ  ˫ˠˣὃᴂ  ˢˤ ˟˪˷ ˡ˰ ˣ˞˶˵

 ˞˷˧˶ˢ ˢ˸ˣ˞ ˸˞ύ1ȣύὯ  ˪˷ύ.  ˸˶ˡˠˢ ˧˲˪ ˸˰˩'d ˟ ˷˧-'A ˬ ˶˟˰ˬ-mr ˪-lr.  ˭˩˪

 ˸˞˧˶˵˟ύὯ+ 1 ὃᴂ ˪ ˰˧ˠˬ-ὶὰ  ˣ˪˧˞ˣὃ  ˸˞ ˞˶ˣ˵ύὯ+ 1 ,˪ ˶˟ˣ˰-ὶά+ 1  ˧ˡ˰˴˟ ˨˧˷ˬˬ ˫˷ˬˣ

˪ ˭ˣ˪˧˯˲˞-ὶὰ .˟ ˫˧˞˴ˬˮ ˫ˢ˧ˮ˷ˣ ˦˪˵ˢ ˣ˸ˣ˞ ˸˞ ˣ˞˶˵ ˫˧˦ˬˣ˦ˣ˞ˢ ˧ˮ˷ ˸˰˩-ὶὰ . ˫˧˶˟˰ˬˢ

˥˞˷" ˧˶˟˰ˬ ˫ˮ˧˞ ˫ˢ ˩e ˟ ˭˩˪ˣ-'A ˬ ˰˧ˠˢ˪ ˭˸˧ˮ-lr ˪-tr 
˟ ˣˬ˩ ˭˲ˣ˞ ˣ˸ˣ˞˟ ˵ˣ˧ˡ˟-ὃ. 

)È(  ˭˸ˮ˧ˢ˟˷ ˢ˞˶ˮ1... nw w w=  ˢ˴˧˶ˣ0 1... nr r r  ˪˷'A  ˢ˴˧˶ ˸ˬ˧˧˵1... tx x  ˪˷A  ˪˰w ˷ ˨˩-

t nx r= .ˢ˪˧ˬˢ ˨˶ˣ˞ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˥˧˩ˣˮ: 

1.  ˫˞w e=  ˤ˞0 0r Q¡Í , ˶ˬˣ˪˩( )0 0r E QÍ . ˫˧ˬ˧˧˵ ˭˩˪0 0q QÍ  ˧˶˟˰ˬ ˸˶ˡ˯ˣe 

0 1... tq x x ˷ ˨˩-0tx r=  ˪˷ ˢ˴˧˶ ˣˤˣA  ˪˰e ˟ ˸ˬ˧˧˸˯ˬ˷-0r. 

2.  ˶ˣ˟˰ ˢˮˣ˩ˮ ˢˮ˰˦ˢ˷ ˥˧ˮˮ1... nw w  ˶ˣ˟˰ ˥˧˩ˣˮˣ1 1... n nw w w w+= . ˢ˴˧˶ ˷˧˷ ˥˧ˮˮ

0 1 1... n nr r r r +  ˪˷'A  ˪˰w .˷ ˶ˣ˶˟-0... nr r  ˪˷ ˢ˴˧˶ ˞˧ˢ'A  ˪˰1... nw w . ˸˥ˮˢ ˧˲˪ ˭˩˪

 ˪˷ ˢ˴˧˶ ˸ˬ˧˧˵ ˢ˧˴˵ˣˡˮ˧˞ˢA  ˪˰1... nw w ˟ ˸ˬ˧˧˸˯ˬ˷-nr .˟ ˣˤ ˢ˴˧˶ ˭ˬ˯ˮ-0 1... tx x x .

˷ ˰ˣˡ˧-( ) ( )1 1 1' , ' ,n n n t nr r w x wd d+ + +Í = . ˢ˶ˡˠˢˢ ˧˲˪ ˭˩˪( )( )1 1,n n nr E r wd+ +Í . ˧ˤ˞

 ˫˧ˬ˧˧˵( )1 1,n ny r wd +Í  ˧˶˟˰ˬ ˸˶ˡ˯ˣe 1... ky y  ˶˷˞˩1k ny r += . ˭˩˪0 1... ...t kx x y y 

 ˪˷ ˢ˴˧˶A  ˪˰w ˟ ˸ˬ˧˧˸˯ˬ˷-1nr +. 

J 

 

 

˦˲˷ˬ :˯˞ ˪˩˪" ˪A ˯˞ ˫˧˧˵" ˡ'A ˷ ˨˩-() ( )'L A L A= . 

ˢ˥˩ˣˢ :˯˞ ˧ˢ˧" ˪0, , , ,A Q Q Fd= S .ˢ˟"˪ ˩-A  ˧ˡ˰˴ ˭˧˞e , ˶ˬˣ˪˩: 2QQd ³S­.  ˶˧ˡˠˮ

˯˞" ˡ0' ', , ', , 'A Q q Fd ¡= S ˶˷˞˩: 

¶ ' 2QQ =
 ˫˧˟˴ˬˢ ˪˷ ˸ˣ˧˵˪˥ˢ ˸ˣ˴ˣ˟˵ˢ ˪˩. 
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¶ ( ) ( )' , ,
s S

S sd s d s
Í

=8 . ˸ˣ˞ˢ ˸˞˧˶˵˟ ˫ˢ˧˪˞ ˶ˣ˟˰˪ ˭˸˧ˮ˷ ˫˧˟˴ˬˢ ˸˴ˣ˟˵ ˧ˢˣˤ ˢ˷˰ˬ˪

s ˟˷ ˫˧˟˴ˬˢˬ ˡ˥˞ˬ-S. 

¶ 0 0q Q¡= 

¶ { }' :F S S F= Æ ¸Å 

˯˞ˢ˷ ˞ˣˢ ˭ˣ˧˰˶ˢ" ˡ'A ˷ ˫˧˟˴ˬˢ ˪˩ ˸˞ ˣ˪˷ ˢ˴˧˶˟ ˭ˣ˟˷˥˟ ˥˵˧˧-A ˫ˢ˟ ˸ˣ˧ˢ˪ ˢ˧ˢ ˪ˣ˩˧ . ˫˞ˣ

ˡ˥˞ ˪˟˵ˬ ˟˴ˬ ˸ˣ˥˲˪ ˫˧˟˴ˬˢ ˸˴ˣ˟˵˟ ˷˧ ˢ˴˧˶ˢ ˱ˣ˯˟ ,˪˷ ˭ˬ˧˯-A  ˢ˴˧˶ ˸ˣ˧ˢ˪ ˢ˪ˣ˩˧ ˢ˸˧˧ˢ

 ˭˩˪ˣ ˢ˪˧ˬˢ ˪˰ ˸˪˟˵ˬ'A ˪˟˵ˬ. 

˷ ˥˧ˮˮ-()1.. nw w w L A= Í . ˸˪˟˵ˬ ˢ˴˧˶ ˸ˬ˧˧˵ ˧ˤ˞0 1... nq q q  ˶˷˞˩0 0, nq Q q FÍ Í  ˪˩˪ˣ

0 i n¢ < ( )1 1,i i iq q wd+ +Í . ˪˷ ˢ˴˧˶ˢ ˧ˤ˞'A  ˪˰w  ˢ˧ˢ˸0 1... nr r r  ˶˷˞˩0 0r q¡=  ˪˩˪ˣ

0 i n¢ < ( )1 1,
i

i i

s r

r s wd+ +

Í

=8 . ˪˩˪i  ˫˧˧˵˸ˬi iq rÍ . ˦˶˲˟ ˭˩˪n nq rÍ x-'nr FÍ , ˶ˬˣ˪˩

( )'w L AÍ. 

˧ˮ˷ ˡ˴ˬ , ˫˞( )'w L AÍ  ˢ˴˧˶ˢ ˤ˞0 1... nr r r  ˪˷'A  ˪˰w ˸˪˟˵ˬ ˞˧ˢ . ˶ˬˣ˪˩0 0r q¡= ,

'nr FÍ  ˪˩˪ˣ0 i n¢ <  ˫˧˧˵˸ˬ( ) ( )1 1 1' , ,
i

i i i i

s r

r r w s wd d+ + +

Í

= =8 . ˶ˣ˥˟˪ ˪˩ˣˮ ˢ˪˞ ˨ˣ˸ˬ

 ˢ˶ˡ˯0 1... nq q q ˷ ˨˩-i iq rÍ ,nq FÍ x-( )1 1,i i iq q wd+ +Í  ˪˩˪0 i n¢ < . ˢ˴˧˶ ˞˧ˢ ˸˞ˤ

 ˪˷ ˸˪˟˵ˬA  ˪˰w . ˭˩˪()w L AÍ. 

J 

 

ˢ˶˰ˢ :˯˞ˬ ˶˟˰ˬˢ"˯˞˪ ˪"˸˧˩˧˶˰ˬ ˪ˣˡˠ˪ ˪ˣ˩˧ ˫˧˟˴ˬˢ ˶˲˯ˬ ˪ˣ˵˷ ˡ!! 

 

ˢˬˠˣˡ : 

 

 ˞˶˵ˮ ˭˞˩ ˫˧˷ˣ˰˷ ˨˧˪ˢ˸ˢ˭ˣ˴˶˧˥. 

0,1

1q0q 2q

0,1

1 0

A

'A

{ }0q { }0 1,q q { }0 2,q q { }0 1 2, ,q q q
1

1

1

0 0

0

0

1
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˦˲˷ˬ : ˸ˣ˲˷ ˪˷ ˢ˥˲˷ˬ ˷˧{ }nL  ˪˩˪˷ ˨˩1 n¢ ˫˧˧˵˸ˬ: 

1. nL ˰ ˧ˣˢ˧ˤ˪ ˸ˮ˸˧ˮ"˯˞ ˧" ˫˰ ˪()O n ˫˧˟˴ˬ 

2. ˯˞ ˢ" ˶ˣ˟˰ ˶˸ˣ˧˟ ˭˦˵ˢ ˡnL  ˸ˣ˥˲˪ ˨˧˶˴2n
 ˫˧˟˴ˬ. 

ˢ˥˩ˣˢ :˶˧ˡˠˮ{ } { }{ }1 1 1 1... # : 1 1,..., ,...,n k k i k kL i k ns s s s s s s+ += " ¢ ¢ Í Ø Í ˞ˢ ˪˰ˬ" ˟

{ }1,..., ,#n nS =. 

˸˧˷˞˶ ,˯˞ ˢ˞˶ˮ" ˪˟˵ˬ˷ ˪˞ ˸nL  ˫˰()O n ˫˧˟˴ˬ .˯˞ˢ"˞˟ˢ ˭˲ˣ˞˟ ˪˰˲˧ ˪ : ˸˞ ˷˥ˮ˧ ˞ˣˢ

 ˢˮˣ˶˥˞ˢ ˸ˣ˞ˢ) ˷˧n ˥˸ˢ ˟˴ˬ ˸˥˞ ˪˩˪ˣ ˢ˪˞˩ ˸ˣ˧ˣ˶˷˲˞ˡ˥˞ ˧˸˪ (ˢ˞˟ˢ ˢˮˣ˩ˬˢ ˸˞ ˪˧˰˲˧ˣ: 

 

ˢ˯"˯˞˟ ˩" ˷˧ ˪3 2n+  ˫˧˟˴ˬ- 3 ˪˟˵ˬ ˶ˣ˟ˣ ˢ˥ˣˡ ˶ˣ˟ ˡˣ˰ˣ ˸ˣ˞ ˪˩˪ ˫˧˟˴ˬ . ˭˩˞˷ ˸ˣ˞˶˪ ˪˵

˰ ˸˪˟˵˸ˬ ˢ˲˷ˢ"˯˞ˢ ˧"ˢˤˢ ˪ . ˫˞1... ... #k ni i Ls s Í ˯˞ˢ ˤ˞" ˪ ˢ˴˧˶ˢ ˸˞ ˪˧˥˸ˢ˪ ˶˥˟˧

˷ ˷ˣ˥˧ˮ˪ ˫˧˞˸ˬ˷ ˧˸˪˥˸ˢˢ ˟˴ˬ˟-i ˢˮˣ˶˥˞ˢ ˸ˣ˞ˢ ˞˧ˢ . ˪˟˵˸˸ ˭˩˞ ˢ˪˧ˬˢ˷ ˸ˣ˞˶˪ ˪˵ ˤ˞ˣ

ˢˤ ˟˧˩˶˟ . ˫˞ˣnw LÎ ˯˞ˢ ˷˥ˮ˧ ˟˧˩˶ ˢˤ˧˞˟ ˢˮ˷ˬ ˞˪˷ ˶ˣ˶˟"˳ˣ˶˪ ˪˧˥˸ˢ˪ ˪ , ˢ˪˧ˬˢ ˪˰ ˢ˴˧˶ˢ

ˢ˥ˣˡ ˢ˧ˢ˸. 

˯˞˟˷ ˢ˞˶ˮ ˸˰˩"l  ˸ˣ˥˲˪ ˸ˣ˧ˢ˪ ˫˧˟˧˧˥ ˢ˲˷ˢ ˸˞ ˪˟˵ˬ˷2n
 ˫˧˟˴ˬ .˯˞ ˷˧˷ ˢ˪˧˪˷˟ ˥˧ˮˮ" ˡ

nA ˬ ˸ˣ˥˲ ˫˰-2n
 ˷ ˨˩ ˫˧˟˴ˬ-( )n nL A L= .˪-{ }1,...,n  ˷˧2n

 ˣ˴ˣ˟˵˸ˣ˧˵˪˥ ˸ , ˸ˣ˥˲ ˷˧ ˪˟˞

-ˬ2n
  ˸ˣ˴ˣ˟˵ ˧˸˷ ˸ˣˬ˧˧˵ ˫˧ˮˣ˧ˢ ˨˟ˣ˷ ˭ˣ˶˵˧˰ˬ ˭˩˪ˣ ˫˧˟˴ˬ{ }1 2, 1,...,S S nË ˷ ˨˩ ˫˧˪˧ˬˢ

 ˟˴ˬ ˣ˸ˣ˞˪ ˸ˣ˰˧ˠˬ ˭ˢ˟ ˸ˣ˧˸ˣ˞ˬ ˸ˣ˟˩˶ˣˬ˷q ˢ˴˧˶˟ . ˢˮ˧˧ˢ˸i is SÍ ˩˶ˣˬ˷ ˫˧˪˧ˬˢ ˸ˣ˟

 ˸ˣ˧˸ˣ˞ˬiS ˧˲˶ˠˣ˵˧˯˵˪ ˶ˡ˯˟. 

 ˶ˣ˟

ˢ˥ˣˡ 

{ }\ ,#n iS

nS

{}\ #nS

i #

i

nS

# {}\n iS
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ˢ˟ ˧ˢ˸" ˩1 2\S SsÍ . ˧ˤ˞1 # ns LsÍ  ˪˟˞2 # ns LsÎ .˟ ˭ˮˣ˟˸ˮ-( )( )' ,# ,q qd d s=. 

¶  ˫˞'q FÍ ˪˟˵ˮ ˷-2 # ns LsÍ  ˪˟˞2 # ns LsÎ. 

¶  ˫˞'q FÎ  ˪˷ ˢˡ˧˥˧ˢ ˢ˴˧˶ˢ˷ ˪˟˵ˮ1 #s s ˷ ˨˩˪ ˢ˶˧˸˯˟ ˢˤˣ ˢ˥ˣˡ-1 # ns LsÍ. 

 ˭˩˪ˣ ˢ˶˧˸˯ ˣˮ˪˟˧˵ ˢ˶˵ˬ ˪˩˟˟˷ ˸ˣ˧ˢ˪ ˪ˣ˩˧ ˞˪-nA ˬ ˸ˣ˥˲ ˷˧-2n
 ˫˧˟˴ˬ .J 

 

ˢˮ˵˯ˬ :˭ˣ˸˥˸ ˫˯˥ ˷˧ ˭ˣ˴˶˧˥ˢ ˪˷ ˧˩˧˶˰ˬˢ ˥ˣ˲˧ˮ˪ , ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧˧ˮ˟ ˞ˣ˴ˬ˪ ˣˮ˪ˣ˩˧ ˞˪ ˶ˬˣ˪˩

˯˞ ˪˷"˪ˣ˵˷ ˡ .˧˶ˢ˷ ,˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧ˮ˟ ˷˧ ˫˞ , ˢ˥˲˷ˬˢ ˪˰ ˢ˸ˣ˞ ˪˧˰˲ˢ˪ ˪˩ˣˮ ˤ˞{ }nL 

 ˫˧˧˵˷ ˥˦˟ˣˬˣ0 n< ˫˧˟˴ˬ ˵˧˲˯ˬ ˣ˧ˢ˧ ˞˪ ˸˧˪˞˧ˬˣˮ˧˪ˣ˲ ˢ˧˧ˮ˟˟ ˣ˶ˣ˟˰˷. 

 

ˢˬˠˣˡ :( )( )( )( )( )
*

0 1 1 0 1 0 1 0 1 0 1L= + + + + +  ˭ˢ˟ ˰˧˲ˣˬ˷ ˫˧˪˧ˬˢ ˪˩ ˪˷1  ˧˷˧ˬ˥ˢ ˫ˣ˵ˬ˟

˱ˣ˯ˢˬ. 

˯˞ ˶˞˸ˮ" ˪A  ˸˞ ˪˟˵ˬ˷L: 

 

 ˭˩˞˷ ˸ˣ˞˶˪ ˪˵()L A L= . ˫˞1 5 4 2 1... n n n n nw w w w w w L- - - - Í  ˤ˞5 1nw - =  ˢ˴˧˶ˢ ˤ˞ˣ

I0 0 1 2 3 4 5

4

...

n

q q q q q q q

-

  ˪˷ ˸˪˟˵ˬ ˢ˴˧˶ ˞˧ˢA . ˫˞ ˧ˮ˷ ˡ˴ˬw LÎ  ˤ˞5 0nw - =  ˧˸ˬ ˢˮ˷ˬ ˞˪ ˤ˞ˣ

˯˞ˢ ˢ˴˧˶˟"˪ ˶ˣ˟˰˪ ˷˥ˮ˧ ˪-1q ,˟ ˶ˬˠ˧˸ ˞˪ ˢ˴˧˶ˢ-5q. 

˯˞˟˷ ˭˰˦ˮ" ˸˞ ˪˟˵ˬ˷ ˡL  ˸ˣ˥˲˪ ˷˧32 ˫˧˟˴ˬ .˷ ˥˧ˮˮ-A ˯˞"˷ ˨˩ ˡ-()L A L= . ˢ˪˧ˬ ˪˩˪

1 5...w w w=  ˭ˬ˯ˮ( )*

0,wq q wd= . ˫˞˷ ˭˰˦ˮ,u v  ˤ˞ ˸ˣ˧˸ˣ˞ ˷ˬ˥ ˸ˣˮ˟ ˸ˣˮˣ˷ ˫˧˪˧ˬv uq q̧ .

0q
1q 2q

3q4q5q

0,1

0,1

0,1

0,10,1

1

0q q

1s

2s
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˷ ˢ˪˧˪˷˟ ˥˧ˮˮ-v uq q= .˥˧ˮˮ ˢ ˸ˣ˞˟ ˸ˣˮˣ˷ ˭ˢ˷-i .ˢ˟"ˢ ˸ˣ˞ˢ ˩-i  ˪˷v  ˞˧ˢ0 ˢ ˸ˣ˞ˢ ˣ˪˧˞ˣ-

i  ˪˷u  ˞˧ˢ1 .˪˰ ˪˩˸˯ˮ  ˫˧˪˧ˬˢ
10iv -

 x-
10iu -

 . ˪˷ ˢ˴˧˶ˢ˷ ˶ˣ˶˟A  ˢ˪˞ˢ ˫˧˪˧ˬˢ ˧˸˷ ˪˰

 ˧˶ˢ˷ ˟˴ˬ ˣ˸ˣ˞˟ ˸˶ˬˠˮA ˧˦˯˧ˮ˧ˬ˶˦ˡ . ˪˟˞
10iu L-Í ˷ ˡˣ˰˟-

10iv L-Î. 

˩ ˫˞ ˨,˟ ˢˮˣ˷ ˢ˴˧˶ ˷˧ ˸ˣ˧˸ˣ˞ ˷ˬ˥ ˸ˣˮ˟ ˸ˣˮˣ˷ ˫˧˪˧ˬ ˧˸˷ ˪˩˪-A . ˷˧ ˪˟˞
52 32=  ˫˧˪˧ˬ

ˢ˪˞˩ . ˸ˣ˥˲˪ ˷˧ ˭˩˪32 ˟ ˫˧ˮˣ˷ ˫˧˟˴ˬ-A! 

 

˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ 

 

˶ˡˠˢ˸ˣ : 

1.  ˶˧ˡˠˮ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ ˞ ˪˰" ˟S ˧˟˧˦˵ˣˡˮ˧˞ ˭˲ˣ˞˟: 

¶ aÍS ,e x-Å ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˫ˢ 

¶  ˫˞1 2,r r ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˫ˢ ˫˧˞˟ˢ ˫ˠ ˤ˞ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟: 

i. 1 2r r+ 

ii. 1 2r rÖ 

iii. 
*

1r 

2.  ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ ˪˩r  ˢ˲˷ ˶˧ˡˠˬ() *L r ËS ˞˟ˢ ˭˲ˣ˞˟: 

¶ (){}L a a= ,(){}L e e= x-()L Å =Å 

¶  ˫˞1 2,r r ˤ˞ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟: 

i. ( ) () ()1 2 1 2L r r L r L r+ = Ç 

ii. ( ) () ()1 2 1 2L r r L r L rÖ = Ö 

iii. () ()( )
**

1 1L r L r= 

3.  ˶ˣ˴˧˵˟ ˭ˬ˯ˮ
*r r r+= Ö 

4. ˟ ˭ˬ˯ˮ-REG ˰ ˸ˣ˪˟˵˸ˬ˷ ˸ˣ˲˷ˢ ˸˵˪˥ˬ ˸˞"˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˧. 

 

˸ˣ˞ˬˠˣˡ : ˪˰ ˪˩˸˯ˮ{ }0,1S= 

1.  ˰˧˲ˣˬ ˫ˢ˟˷ ˫˧˪˧ˬˢ ˪˩ ˸˲˷1 ˰ ˸˶ˡˠˣˬ ˱ˣ˯ˢ ˧ˮ˲˪ ˸ˣˬˣ˵ˬ ˧ˮ˷"˧˶˪ˣˠ˶ˢ ˧ˣ˦˧˟ˢ ˧

( )( )( )
*

0 1 1 0 1 0 1+ + + 

2.  ˭ˢ˟ ˰˧˲ˣˬ˷ ˫˧˪˧ˬ1 ˰ ˸ˣ˶ˡˠˣˬ ˵ˣ˧ˡ˟ ˡ˥˞" ˧
* *0 10 

3. ˭ˢ˟ ˰˧˲ˣˬ˷ ˫˧˪˧ˬ 1 ˲˪ ˡ˥˞˥˰ ˸ˣ˶ˡˠˣˬ ˸ˣ" ˧( )( )
* *

0 1 1 0 1+ + 

4.  ˞ˣˢ ˭ˢ˟ ˭ˣ˶˥˞ˢ ˣ˸ˢ˷ ˫˧˪˧ˬ0  ˭ˢ( )
*

0 1 0+ 
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ˢˮ˰˦ :REG NFA= 

ˢ˥˩ˣˢ :˫˧ˮˣˣ˧˩ˢ ˧ˮ˷˟ ˢ˪˩ˢ ˥˧˩ˣˮ. 

)Ë ( ˧ˢ˧ ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ .˯˞ ˫˧˧˵˷ ˢ˞˶ˮ" ˪ ˷ ˨˩- . ˢ˧˧ˮ˟ˢ ˪˰ ˢ˧˴˵ˣˡˮ˧˞˟ ˥˧˩ˣˮ

 ˪˷: 

1. ˫˧˧˯˧˯˟ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˶ˣ˟˰: 

¶  ˫˞  ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪ 

¶  ˫˞  ˤ˞ ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪ 

¶  ˫˞  ˶ˣ˟˰  ˤ˞ ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪ 

2.  ˶ˣ˟˰ ˢˮˣ˩ˮ ˢˮ˰˦ˢ˷ ˥˧ˮˮ x- ˯˞" ˶ˣ˟˰ ˫˧˪ ˢˬ˞˸ˢ˟.  ˭˸˧ˮ

ˢ˟ ˥˧ˮˢ˪"˪˷ ˩- ˪x- ˡ˧˥˧ ˧˸˪˥˸ˢ ˟˴ˬ , ˡ˵˲˸˧˷ ˷ˡ˥ ˟˴ˬ ˱˧˯ˣˢ˪ ˭˸˧ˮ ˧˶ˢ˷

 ˧˶˟˰ˬ ˣ˞˴˧ ˣˮˬˬˣ ˧˸˪˥˸ˢ ˟˴ˬ˩ ˫˧˧˶ˣ˵ˬˢ ˫˧˧˸˪˥˸ˢˢ ˫˧˟˴ˬˢ ˪˩˪. 

¶  ˫˞  ˤ˞ ˰ ˦ˣ˷˲ ˸˪˟˵˸ˬ" ˱ˣ˶˧˴ ˧ x- ˯˞˪" ˡ˥˞ ˪  ˷˧˷

 ˣ˟˧ˮ˷ ˫˧˧˸˪˥˸ˢ ˫˧˟˴ˬ. 

 

¶  ˫˞  ˤ˞ ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧" ˪  ˧˶˟˰ˬ ˸˲˯ˣˢˬ ˪˟˵˸ˬ˷ 

 ˪˷ ˫˧˪˟˵ˬˢ ˫˧˟˴ˬˢˬ  ˧˸˪˥˸ˢˢ ˟˴ˬ˪ ˪˷  ˫˧˪˟˵ˬˢ ˫˧˟˴ˬˢ ˸˩˧˲ˢˣ

 ˪˷ ˫˧˪˟˵ˬ ˞˪˪. 

 

¶  ˫˞  ˤ˞ ˰ ˸˪˟˵˸ˬ"˯˞ˢ ˧"˨˩ ˶ˡˠˣˬˢ ˪: 

 

)( ˦ˬˣ˦ˣ˞ ˶˧ˡˠˮ  ˪˪˩ˣˬ ˧˦˯˧ˮ˧ˬ˶˦ˡ ˞˪)˪˯˞ ˭˪ˢ˪"ˬ (˯˞ ˣˬ˩ ˵ˣ˧ˡ˟ ˞ˣˢ˷" ˫˧˶˟˰ˬˢ ˪˰˷ ˞˪˞ ˪

˸ˣ˧˸ˣ˞ ˞˪ˣ ˫˧˧˶˪ˣˠ˶ ˫˧˧ˣ˦˧˟ ˫˧ˬˣ˷˶ ˣ˪˷ . ˪˟˵ˬ ˟˴ˬˣ ˸ˣ˯ˮ˩ˮ ˸ˣ˸˷˵ ˞˪˪ ˡ˧˥˧ ˧˸˪˥˸ˢ ˟˴ˬ ˣ˪ ˷˧

˸ˣ˞˴ˣ˧ ˸ˣ˸˷˵ ˞˪˪ ˡ˧˥˧ .˶˟˰ˬ ˷˧ ˫˧˟˴ˬ ˧ˮ˷ ˪˩ ˭˧˟ ˣ˪˞ ˫˧˟˴ˬ ˡ˟˪ˬ . ˟˴ˬ˟ ˞˴ˬˮ ˦ˬˣ˦ˣ˞ˢ ˫˞

  ˢ˪˧ˬˢ ˢ˶˞˷ˮˣ , ˟˴ˬ˪ ˶ˣ˟˰˪ ˪ˣ˩˧ ˦ˬˣ˦ˣ˞ˢ ˤ˞  ˧˶˪ˣˠ˶ ˧ˣ˦˧˟ ˫˰ ˬ˞" ˪˷ ˞˷˧˶ ˷˧ ˬ 

˪ ˸˩˧˧˷˷- . ˫˞  ˫˞ˣ ˡ˧ˬ˸ ˶ˣ˟˰˪ ˭˸˧ˮ ˫˰˲ ˱˞ ˶ˣ˟˰˪ ˭˸˧ˮ ˞˪. 

˪˯˞ ˭ˬ˯ˮ" ˫˰ ˬ ˰ ˫˧˟˴ˬ" ˧. 


